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Abstract
We propose an indoor localization algorithm for visible light systems by considering effects of non-line-of-sight
(NLOS) propagation. The proposed algorithm, named database assisted nonlinear least squares (DA-NLS), utilizes
ideas from both the classical NLS algorithm and the fingerprinting algorithm to achieve accurate and robust
localization performance in NLOS environments. In particular, a database is used to learn NLOS related parameters,
which are employed in an NLS algorithm to estimate the position. The performance of the proposed algorithm is
compared against that of the fingerprinting and NLS algorithms.
Keywords: Fingerprinting, least-squares, positioning, visible light.
I. INTRODUCTION
In visible light positioning (VLP) systems, optical signals transmitted from light emitting diodes (LEDs)
are received by photo detectors (PDs) or imaging sensors, and are processed to extract location information.
VLP systems can facilitate accurate localization and provide low-cost solutions for various location aware
applications [1, 2].
The position estimation technique commonly employed in VLP systems is the two-step positioning
approach, in which position related parameters are extracted from received signals in the first step,
and position estimation based on those parameters is performed in the second step [3]. Among various
position related parameters are received signal strength (RSS), time of arrival (TOA), time difference of
arrival (TDOA), and angle of arrival (AOA). In VLP systems, the RSS parameter (equivalently, received
power) is commonly employed since it can be estimated in a low complexity manner (as synchronization
is not necessary) and carries accurate position related information [3, 4]. In the second step of the
two-step positioning approach, statistical and fingerprinting (mapping) techniques can be used for position
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estimation. Statistical techniques utilize the statistical properties of the parameters obtained in the first step
to design position estimators based on maximum likelihood or Bayesian estimation principles [3, 5]. For
example, when the parameters are corrupted by independent and zero mean Gaussian noise components,
the maximum likelihood approach leads to the well-known nonlinear least-squares (NLS) estimator [6].
The NLS estimator has favorable performance in line-of-sight (LOS) environments as the zero mean
Gaussian noise model is well-suited in such scenarios [7]. Also, several modifications can be applied to
the NLS estimator so as to improve its performance in non-line-of-sight (NLOS) environments [6, 8]. On
the other hand, in the fingerprinting approach, a database is formed in the offline (training) phase based
on parameter estimates at known locations, and then parameter estimates obtained in the online phase are
used together with the database to perform position estimation via a learning algorithm such as k-nearest
neighbor (k-NN) or neural networks [9]–[14]. For example, [10] forms a database of the first and second
peaks of each received signal and the time delay between them, and utilizes this database for position
estimation in the online phase via the 1-NN algorithm.
In this letter, we propose a localization algorithm for VLP systems by combining the ideas in the
NLS and fingerprinting algorithms in order to achieve accurate and robust localization performance in
NLOS environments. In the proposed algorithm, power measurements (i.e., RSS estimates) are obtained
at known locations in the offline phase, which are used to estimate NLOS coefficients (see (13)) and
to form a database consisting of known locations and NLOS coefficient estimates. Then, in the online
phase, power measurements are used together with the database to implement an NLS algorithm that
takes NLOS coefficients into account by estimating them from the database via the weighted k-NN
algorithm. The proposed algorithm is compared with the NLS and fingerprinting algorithms to evaluate
its localization performance. Although the fingerprinting and triangulation approaches have jointly been
considered for VLP systems in [11, 15], the ideas of forming a database that contains NLOS information in
RSS measurements in terms of NLOS coefficients and using that database for designing an NLS algorithm
in which NLOS coefficients are estimated via a learning algorithm constitute the main novelties of the
proposed approach in this letter.
II. SYSTEM MODEL AND PROBLEM STATEMENT
We consider an NLOS channel model that takes the LOS path and single reflections into account as
in [16]. Generally, the total power received at a PD due to reflections is significantly lower than that due
to the LOS path. However, the effect of NLOS propagation cannot completely be omitted since some
locations in an indoor space (e.g., corners) can have relatively high amounts of reflected lights. Therefore,
it is important to consider an NLOS channel model and also sufficient to take only first reflections into
account since first reflections and the direct path constitute a high majority of received energy [17].
The channel DC gain in the LOS model is given by [16, 18]
HLOS =


(m+1)A
2piD2
cosm(φ)Ts(ψ)g(ψ) cos(ψ), if 0 ≤ ψ ≤ ψc
0, otherwise
(1)
where D is the distance between a particular LED and a PD, m is the Lambertian order (also called
radiation lobe mode number), A is the area of the PD, φ is the irradiance angle, ψ is the incidence angle,
Ts(ψ) is the optical filter gain, g(ψ) is the optical concentrator gain, and ψc stands for the field-of-view
(FOV) of the PD. The gain of the optical concentrator is calculated from
g(ψ) =


n2
sin2 ψc
, if 0 ≤ ψ ≤ ψc
0, otherwise
(2)
where n is the refractive index [16].
The channel gain in an NLOS path involving a single reflection is expressed as follows [16]:
dHNLOS =


(m+1)A
2pi2D21D
2
2
cosm(φ)Ts(ψ)g(ψ) ρ cos(ψ) cos(α) cos(β)dAwall, if 0 ≤ ψ ≤ ψc
0, otherwise
(3)
where ρ is the reflectance factor of the wall, D1 is the distance between a particular LED and the reflective
point on the wall, D2 is the distance between the reflective point on the wall and the receiving PD, α is
the irradiance angle to a reflective point on the wall, β is the irradiance angle from the reflective point
on the wall, and dAwall is a small reflective area on the wall.
By considering the LOS path and the first reflections, the received power at a PD due to transmission
from an LED (call it LED i) can be modeled as follows [16]:
PRX,i ≈ PTX,iHLOS,i +
∫
walls
PTX,i dHNLOS,i + ξi (4)
where PTX,i denotes the transmitted power from LED i (assumed to be known), HLOS,i is the LOS channel
gain between LED i and the PD (see (1)), dHNLOS,i is the channel gain between LED i and the PD due
a single reflection from a given area dAwall (see (3)), and ξi denotes the noise during the reception of the
signal from LED i. The noise term is commonly modeled as a zero mean Gaussian random variable; i.e.,
ξi ∼ N (0, σ2i ) [16, 19, 20].
In the presence of N LEDs with known positions l1, . . . lN , the aim is to estimate the position l of the PD
based on received power measurements related to transmissions from the LEDs (that is, PRX,1, . . . , PRX,N ),
where l = (x, y, z) and li = (xi, yi, zi) represent the three-dimensional positions of the PD and LED i,
respectively. In some cases, it is possible to collect measurements at known positions in an environment
of interest and form a database that can later be used for localization [20]. In the following section, we
first review two common approaches in the literature, one using a database without a mathematical model
related to channel gains, and the other using a mathematical model without a database. Then, we propose
a new localization approach that employs both a database and a mathematical model with consideration
of NLOS effects.
III. POSITIONING ALGORITHMS
A. Fingerprinting Algorithm
In the fingerprinting algorithm, an offline training phase is performed first in order to form a database.
Then, during the online localization phase, the unknown position is estimated based on the current
measurements and the database [20].
For employing the fingerprinting approach for visible light positioning based on received power measurements,
power levels are measured at some predetermined (known) locations of the PD and a database consisting
of location vector and measurement vector pairs is formed during the training phase. In particular, the
database can be represented as
D1 =
{(
l(1),P
(1)
RX
)
, . . . ,
(
l(N1),P
(N1)
RX
)}
(5)
where N1 is the number of predetermined locations for the PD, l
(j) is the jth predetermined location, and
P
(j)
RX is the power measurement vector at l
(j) for j = 1, . . . , N1. Here, P
(j)
RX =
(
P
(j)
RX,1, . . . , P
(j)
RX,N
)
with
P
(j)
RX,i denoting the received power at l
(j) due to the transmission from LED i, where i = 1, . . . , N .1
In the online phase, the received power measurements are collected (in real time) by the PD related
to N LEDs, which are denoted by P RX = (PRX,1, . . . , PRX,N ), and the unknown location of the PD is
estimated by utilizing the database. Namely, a regression function is used along with the received power
measurements to estimate the location. In this manuscript, the weighted k-NN regressor is employed
as a representative supervised learning approach [14, 20, 21] (please see Remark 2). In this approach,
the Euclidean distances between the received power vector PRX and the received power vectors in the
1In practice, received power can be measured a number of times to mitigate the effects of noise via averaging.
database D1 (namely, P (1)RX , . . . ,P (N1)RX in (5)) are calculated to determine the closest k vectors in the
database. To that aim, set S1 is defined as
S1 =
{
i ∈ {1, . . . , N1}
∣∣ ∥∥P RX − P (i)RX∥∥ ≤ ∥∥P RX − P (j)RX∥∥
∀i ∈ S1, ∀j ∈ {1, . . . , N1} \ S1, and |S1| = k
}
. (6)
Then, a weighted sum of k locations corresponding to set S1 is calculated as the location estimate as
follows:
lˆ =
∑
m∈S1
l
(m)
‖PRX−P
(m)
RX
‖∑
m∈S1
1
‖PRX−P
(m)
RX
‖
(7)
It is noted that in the weighted k-NN estimator in (7), each weight is chosen as inversely proportional to
the distance [20]. It is also observed that the mathematical channel models in (1) and (3) are not utilized
in this approach.
B. Nonlinear Least Squares (NLS) Algorithm
In the absence of a database, the location of the PD can be estimated from the received power
measurements, P RX = (PRX,1, . . . , PRX,N ), by assuming a statistical model. The received power measurements
can be modeled as
P RX = P
(real)
RX (l) + ξ (8)
where ξ is the vector of noise components and P
(real)
RX (l) represents the real received power vector (without
any modeling errors), which is a function of the PD location l [1, 4].
Commonly, the noise components are modeled as independent and identically distributed (i.i.d.) zero-mean
Gaussian random variables, where ξi ∼ N (0, σ2i ) for i = 1, . . . , N [16, 19, 20]. Therefore, the maximum
likelihood estimator (MLE) for the PD location based on P RX can be obtained as follows:
lˆ = argmax
l∈L
p(P RX | l) (9)
= argmax
l∈L
(2pi)−0.5N
σ1 · · ·σN e
−
∑N
i=1
(PRX,i−P (real)RX,i (l))
2
2σ2
i (10)
which leads to
lˆ = argmin
l∈L
N∑
i=1
(
PRX,i − P (real)RX,i (l)
)2
σ2i
(11)
with P
(real)
RX,i denoting the ith component of P
(real)
RX (l) and L representing the set of all possible locations of
the PD (e.g., all possible locations in a room). The estimator in (11) is called the nonlinear least squares
(NLS) algorithm [20].
In practice, finding an accurate and tractable mathematical model for P
(real)
RX (l) in (11) is very challenging.
Even the consideration of only the LOS component and the single reflection components makes the
expression very complicated (cf. (4)). Therefore, in the literature, the LOS channel model in (1) has
commonly been adopted to obtain a tractable version of the NLS algorithm [3, eqn. (46)]. Namely, the
following NLS algorithm is employed:
lˆ = argmin
l∈L
N∑
i=1
(PRX,i − PTX,iHLOS,i(l))2
σ2i
(12)
where PTX,i is the transmit power of LED i, and HLOS,i(l) corresponds to the LOS channel gain in (1).
(The argument l has been added to emphasize the dependence on the PD location.) It is noted that the
simple closed form Lambertian formula in (1) is utilized in (12) to estimate the PD location.
C. Proposed Algorithm: Database Assisted NLS
In this section, we propose a new algorithm for visible light positioning based on ideas from both
fingerprinting and NLS with consideration of NLOS propagation. As discussed in Section II, the received
power at a PD contains LOS and NLOS components as stated in (4). To provide a simpler and more
generic expression, (4) can be modified as
PRX,i = κi PTX,iHLOS,i + ξi (13)
for i = 1, . . . , N , where κi ≥ 1 specifies the combined effects of all LOS and NLOS components,
including those with multiple reflections, as well. We call the parameters κi NLOS coefficients.
In the first (offline) phase of the proposed algorithm, power measurements are collected at some
predetermined locations in the environment similar to the fingerprinting algorithm. Let l(j) and P
(j)
RX
denote the jth predetermined location and the power measurement vector at that location, respectively.
In the proposed approach, the NLOS coefficients in (13) are estimated from the power measurements in
the database. Since ξi’s in (13) are i.i.d. zero mean Gaussian random variables, the MLE for each NLOS
coefficient is obtained as follows:
κˆ
(j)
i = argmax
κ
(j)
i
p
(
P
(j)
RX,i | κ(j)i
)
(14)
= argmax
κ
(j)
i
e−
(
P
(j)
RX,i
−κ
(j)
i PTX,iH
(j)
LOS,i
)2
/(2σ2i )
√
2pi σi
(15)
=
P
(j)
RX,i
PTX,iH
(j)
LOS,i
(16)
where κ
(j)
i denotes the NLOS coefficient related to LED i and predetermined location j, P
(j)
RX,i is the ith
component of P
(j)
RX , and H
(j)
LOS,i is the LOS channel gain for LED i and predetermined location j. It is
noted that PTX,i is known and H
(j)
LOS,i can be calculated from (1) for each pair of LED and predetermined
location.
Based on the NLOS coefficient estimates in (16), a database is formed as follows:
D2 =
{(
l(1), κˆ(1)
)
, . . . ,
(
l(N2), κˆ(N2)
)}
(17)
where N2 is the number of predetermined locations and κˆ
(j) = (κˆ
(j)
1 , . . . , κˆ
(j)
N ) for j = 1, . . . , N2.
In the second (online) phase of the proposed algorithm, the aim is to estimate the unknown location
l of the PD based on the received power measurements, P RX = (PRX,1, . . . , PRX,N), related to the
transmissions from the LEDs. These power measurements are used in an NLS algorithm that takes NLOS
effects into account based on the information from the database D2 in (17). In developing the proposed
approach, the received power from LED i in the NLS algorithm in (11) is modeled as
P
(real)
RX,i (l) = κi(l)PTX,iHLOS,i(l) (18)
where the dependence of κi and HLOS,i on the PD location l is shown explicitly. Accordingly, the proposed
NLS algorithm is expressed as
lˆ = argmin
l∈L
N∑
i=1
(PRX,i − κi(l)PTX,iHLOS,i(l))2
σ2i
· (19)
where L denotes the set of all possible locations of the PD. In this algorithm, HLOS,i(l) is evaluated based
on the closed form expression in (1). On the other hand, there does not exist a simple analytical formula
for κi(l) as a function l due to the complexity of NLOS effects. At this point, we utilize the database
D2 to obtain an estimate for the value of κi(l) for each given value of l. To that aim, we use the k-NN
algorithm over set D2 as follows:
κˆ(l) =
∑
m∈S2(l)
κˆ
(m)
‖l−l(m)‖∑
m∈S2(l)
1
‖l−l(m)‖
(20)
where κˆ(l) = (κˆ1(l), . . . , κˆN(l)) and
S2(l) =
{
i ∈ {1, . . . , N2}
∣∣ ∥∥l − l(i)∥∥ ≤ ∥∥l − l(j)∥∥ (21)
∀i ∈ S2(l), ∀j ∈ {1, . . . , N2} \ S2(l), and |S2(l)| = k
}
.
Then, the NLOS coefficient estimates in (20) are used for the κi(l) values in (19), and the proposed NLS
algorithm is stated as
lˆ = argmin
l∈L
N∑
i=1
(PRX,i − κˆi(l)PTX,iHLOS,i(l))2
σ2i
(22)
where κˆi(l) is the ith element of κˆ(l) in (20).
The proposed algorithm is summarized in Algorithm 1, which is named database assisted NLS (DA-NLS)
as it employs an NLS algorithm by utilizing a database for NLOS consideration purposes.
Algorithm 1: Database Assisted NLS (DA-NLS)
Result: Location estimate lˆ
- Training (Offline) Phase
Set N2 locations, l
(1), . . . , l(N2), for database D2
Initialize D2 = ∅
for j = 1, . . . , N2 do
for i = 1, . . . , N do
Get measurement P
(j)
RX,i for location l
(j) and LED i
Compute H
(j)
LOS,i via (1)
Calculate κˆ
(j)
i as κˆ
(j)
i = P
(j)
RX,i/(PTX,iH
(j)
LOS,i)
end
Add
(
l(j), κˆ(j)
)
to D2
end
- Localization (Online) Phase
Obtain P RX = (PRX,1, . . . , PRX,N ) from PD to be located
Run an optimization algorithm (e.g., PSO [22]) to solve (22) by evaluating κˆ(l) from (20) and
(21), and computing HLOS,i(l) via (1) for i ∈ {1, . . . , N}
Remark 1: It is noted that the database assisted NLS algorithm can be employed for any multipath
channel model (not only for that specified by (1)-(4)) since the NLOS coefficients in (13) are generic.
Similarly, the fingerprinting algorithm can be used for any channel as it does not use a channel model
during location estimation. On the other hand, the NLS algorithm in (12) is specifically designed for LOS
channels.
Remark 2: Instead of the k-NN algorithm, any other supervised learning approach [14, 21] can also be
used in the fingerprinting algorithm and in the offline phase of the proposed DA-NLS algorithm.
IV. SIMULATION RESULTS AND CONCLUSIONS
In this section, simulations are performed to evaluate the localization algorithms in the previous section
based on the channel model specified by (1)-(4). A room with dimensions 5×5×3 meters is considered,
where 3 meters corresponds to the height [16]. There are 4 LEDs placed on the ceiling, which point
downwards. The locations of the LEDs are (−1.25,−1.25, 1.5), (−1.25, 1.25, 1.5), (1.25,−1.25, 1.5) and
(1.25, 1.25, 1.5) meters, with (0, 0, 0) corresponding to the geometric center of the room. The PD to be
localized points upwards and is at a fixed height of 0.85m, which is a known parameter [4, 16]. Therefore,
a two-dimensional localization scenario is considered (e.g., the PD is on the top of a robot) [4]. For the
fingerprinting and the DA-NLS algorithms, two separate databases are collected over two different uniform
grids of sizes 10 × 10 and 28 × 28 (over the 5 × 5 meters area at the PD height). The variances of the
noise components are taken to be equal; that is, σ2i = σ
2 = 9.15 × 10−7W for i = 1, . . . , N [23]. The
other system parameters in Section II are specified as follows [16, 23]: ψc = 70 deg., A = 1 cm
2, n = 1.5,
Ts(ψ) = 1, m = 0.646, and ρ = 0.8, R = 0.4 A/W. In addition, all the LEDs transmit the same amount
of power in each simulation scenario; i.e., PTX,i = PTX for i = 1, . . . , N . To evaluate performance of
the localization algorithms, 1000 random points are generated in MATLAB R2018b for the locations
of the PD (the rng default command is used). For solving (12) in the NLS algorithm and (22) in the
DA-NLS algorithm, the particle swarm optimization (PSO) algorithm in MATLAB is utilized. In addition,
each received power measurement is repeated 1000 times for reducing the effects of noise (please see
Footnote 1).
In Fig. 1, the root mean-squared error (RMSE) values are plotted versus PTX for the fingerprinting
(FP), DA-NLS and NLS algorithms by considering two different databases. In the figure, GP = 100 and
GP = 784 correspond to the grids of 10 × 10 and 28 × 28, described previously. In the fingerprinting
algorithm, for each of the grids, the optimal k value for PTX = 20W is used in the k-NN algorithm for
10-2 10-1 100 101 102
PTX (W)
10-2
10-1
100
R
M
SE
 (m
)
FP, k=3, GP=100
DA-NLS, k=3, GP=100
FP, k=3, GP=784
DA-NLS, k=3, GP=784
NLS
Fig. 1: RMSE versus PTX for different algorithms.
all PTX values (see Fig. 2). For the DA-NLS algorithm, the same k values (k = 3) are employed as in
the fingerprinting algorithm. As can be observed from Fig. 1, the proposed DA-NLS algorithm achieves
significantly lower RMSEs than the NLS and the fingerprinting algorithms for high transmit powers.
For PTX < 1W, the algorithms have close performance. Also, as expected, the estimation accuracy of
the fingerprinting and the DA-NLS algorithms improves as the grid density increases. It is noted that
the DA-NLS algorithm outperforms all the other algorithms even by using the smaller database when
PTX > 5W. For PTX < 5W, the fingerprinting algorithm with the larger database slightly outperforms
the other algorithms in general.
In Fig. 2, the RMSE is plotted versus k for the fingerprinting and the DA-NLS algorithms at PTX = 20W
considering the two databases. It is observed that for k ≥ 2, the DA-NLS algorithm yields a steady RMSE
performance implying that any k ≥ 2 can comfortably be used in the DA-NLS algorithm. However, the
accuracy of the fingerprinting algorithm degrades as k increases for k > 3 and k > 5 for the small and
large databases, respectively. In addition, the DA-NLS algorithm outperforms the fingerprinting algorithm
for both databases and for all values of k at PTX = 20W.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
k
10-2
10-1
100
R
M
SE
 (m
)
FP, GP=100
DA-NLS, GP=100
FP, GP=784
DA-NLS, GP=784
Fig. 2: RMSE versus k for fingerprinting and DA-NLS algorithms at PTX = 20W.
Finally, the effects of the reflectance factor (ρ) on the localization performance are examined by plotting
the RMSE against ρ in Fig. 3 for two different PTX values, where k = 4 and the larger database is used
for the fingerprinting and the DA-NLS algorithms. The figure reveals that the variation of the ρ parameter
does not have significant effects on the accuracy of the DA-NLS algorithm for both PTX values; i.e., the
DA-NLS algorithm is robust against the NLOS effects. Similarly, the fingerprinting algorithm is robust
against ρ at PTX = 5W. However, at PTX = 20W, there is an increase in the RMSE of the fingerprinting
algorithm as ρ increases. The NLS algorithm is very sensitive to ρ since it assumes an LOS channel
model (see (12)) and the NLOS effects increase with ρ. The sensitivity to ρ increases at higher transmit
powers since the channel related errors become more significant than the noise related errors in that case.
Moreover, if the ρ parameter is zero, which corresponds to an LOS scenario (i.e., no NLOS propagation),
the NLS algorithm achieves the best performance since it becomes the exact MLE in that case (i.e.,
(11) and (12) become equivalent). However, as the NLOS effect (ρ) increases, its performance degrades
quickly.
Overall, the proposed DA-NLS algorithm utilizes ideas from the NLS and fingerprinting algorithms,
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10-2
10-1
R
M
SE
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)
FP, PT=5 W
FP, PT=20 W
DA-NLS, PT=5 W
DA-NLS, PT=20 W
NLS, PT=5 W
NLS, PT=20 W
Fig. 3: RMSE versus ρ for different algorithms at PTX = 5 and 20W.
and provides a robust localization performance for VLP systems in NLOS scenarios.
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